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Abstract

In this note, we apply the maximum principle of subharmonic functions on the complex plane to prove some results
related to the holomorphic functions and the subharmonic functions on unit disc in the complex plane.
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Tém tit

Trong bai bao nay, chung t6i ap dung nguyén 1y cuc dai cho ham diéu hoa dudi trén mat phang phuc dé ching minh
mot s ket qua lién quan tdi cac ham chinh hinh va ham di€u hoa dudi xac dinh trong dia don vi trén mat phang phtic.

Tir khéa: ham bién phirc, ham chinh hinh, ham diéu hoa dudi, giai tich phc.

1. Introduction

In potential theory, the subharmonic
functions are usually defined on the open set in
R™ (see [1]). This is an advantage for using
analytic tools of many variable functions.
However, it does not take advantage of the
complex number and complex variable function
theory. On the other hand, it is hard to extend to
the pluripotential theory (see [2], [3]). Theorem

2.2 gives the relation between the holomorphic
functions and subharmonic functions. This
allows using the complex analytic tools when
we study the subharmonic functions on the
complex plane.

The maximum principle of subharmonic
functions is an interesting topic in potential
theory. This principle is established by
Phragmén and Lindelof in [4]. The potential
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theory is a branch of complex analysis that is
concentrated to study in the near decades. The
maximum principle is established and proved
depending on the topology on the extended
complex plane (Theorem 2.3). Since the
extended complex plane ©_, is homeomorphic
to the Riemann sphere in the metric space E?,
the extended complex plane ©_, is a compact
set. This has made the proof of the maximum
principle quite simple.

The main aim of this paper is to use the
maximum principle of the subharmonic
function to prove some results of the
holomorphic  functions and subharmonic
functions on the unit disc in the complex plane
(Lemma 3.1, Theorem 3.2 and Theorem 3.4).

2. Preliminaries

We denote by T the set of all complex
numbers (or the complex plane). Let C_, be the

2w

wulw) < %J

0

The function
superharmonic  if the
subharmonic.

We let SH(U) be the set of all subharmonic
functions on U. The submean inequality (1) is
local, i.e., the number g depends on w. Hence,
the subharmonicity also has local property, that
is, if (U,).er is an open cover of U, then the
function u is a subharmonic function on U if
only if it is a subharmonic function on every
u

The following result is the relation between
the holomorphic function and the subharmonic
function.

v: U — (—o0,00] is

function —v s

Theorem 2.2 Let f be a holomorphic
function on an open set U in ©. Then log|f] is
a subharmonic function on U.

Proof: See Proposition 1.2.23 in [2].

u(w +re)ds,

extended complex plane that is homeomorphic
to the Riemann sphere in the metric space R?
(see [6]). Since the Riemann sphere is a
compact set in B*, €., is a compact set.

In this note, we assume the domain to be an
open and connected set in Cor C_,. Let D be a
domain then the closure D always takes in C...
Thus, if D is an unbounded domain in C, then
co €D andin C_, D is a compact set. We also
denote A(w,2) as adisc in C, that is

Alw,p) ={z € C:|z — w| < p}.

Definition 2.1 (see [1,2,3]) Let I/ be an open
set in . The function u: U — [—oo,00) is called
subharmonic if it is an upper semicontinuous
function and satisfies the local submean
inequality, that is, for all w € U there exists
p = 0 such that

(0=r1<p). (1)

The following result is in [5], we cite it here
for the convenience of the reader.

Theorem 2.3 (The maximum principle)
Let « be a subharmonic function on the domain
D in C. Then we have

a. If u has global extremum on D, then u is
constant on D.

b. If limsup__zu(x) <0 ¢ o § €dD,
thenu = 0on D.

Proof: a. Suppose that u has global
extremum value M on D, i.e., there exists zp e
D such that

u(z) < M,vz € D and u(z,) = M.
Set

A={z€eD:u(z) < M}
and
B={ze D:u(z) =M}
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Then by the semicontinuous of u, we infer
that A is open. We prove that B is also open.
Indeed, take weB, by Definition 1, there exist p
> 0 such that

1

M= < —

w(w) = ZHJ

0

2

u[m + re”)dt =M

forall 0 = r < p. Infer that

1 .
— u[m + re”)dt =M

V0 =r <p
2w J,

Since u(w + re')dt < M for all r € [0,p)
and for all te€[02m), we have
u[m+re”)dt=M, Vo<r<p and
VO0=t=<2m.So Alw,p)=Fand so B is
open. Therefore, we have 4 and B be an open
partition of D. Since D is a connected set, we
infer either A=D or B =D, Because
B # 0 (z, EB) so B=D. Thus, we conclude
thatw = M on D.

b. We extend the function u to the boundary

dD by setting
u(f) := Li_ragsupu(z) (¢ € dD).

Then u is the semicontinuous function on D.
Since D is a compact set, u has maximum at
some w € D . If wedD, then by assuming we
have u(w)=<=0andsou < 0onD.If we D,
then by the part a., u is constantly on D and so
on D. This infers that i < 0 on D.

Remark 2.4 In Theorem 3(a), if u has the
local extremum or the global minimum on D,
then the conclusion is failed. Example: Let
u(z) = max(Rez,0) onT. Then u is the
subharmonic function on ©. Moreover, u has
the local extremum and the global minimum on
C, but u is not a constant on C.

3. Main results

In this section, we apply the maximum
principle to prove some results for the
subharmonic  functions and holomorphic
functions on the unit disc. These results come

from some questions in [5]. First, we have the
lemma as follows.

Lemma 3.1 Let u be a subharmonic
function on A(0,1) such that uw < 0. Then for
all £ € dA(0,1) we have

lim w(ré) =<0
=1 1—r
Proof: Set v(z) = u(z)+clog|z| (here ¢
is a positive constant) on 4 = {iﬂi lz| < 1}.
Then we have ]

» The function v is a subharmonic function
on A (by Theorem 2.2).

* For all |¢] = 1, we have hm v(z) < 0.

To apply the maximum prlnC|pIe (Theorem
2.3) to the function v on A, we need to find ¢

such that for all |x| = =, we have

lim supu(z) < 0.
ey

Set 4 = sup {u(fj |&] = } We infer that

A = 0,
We have

1
lim v(z) = A-I—clngiﬂ 0.

EEA.EZ—+E

From this inequality, we have

Now, with ¢ zﬁ, applying Theorem 2.3
to the function v we infer

1
v(z) =0 = u(z) < —cloglzl, ‘v’i < |z| = 1.

Then forall |£]| =

lim w(rg ]ﬂ‘:hn[c)

:l*—*J. 1 —F =
From the estimations above if we choose
the constant ¢ such that —g = ¢ = 0, then we

1, we have

lagr

= L.

have the conclusion in the following theorem.

Theorem 3.2 Set A = A (0,1). Let f: A = A
be a holomorphic function such that
flz) =z+o(l1 -2z

whenz — 1.
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1+=

a. Letg(z) = -

and u(z) = Re (qb (z) — gb[f(zj)).
Prove that
limsupu(z) =0 V&eadA™ {1},
;_r;a ul(z) = o(|1 —z[) when z = 1.
b. Prove that u = 0on A,
c. Prove that i = 0 on A,
d. Prove that f(z) =z on A,
Proof: a. We have

1+z

1+= 1+§} 1=

Reg(z) =%(1T+ =

= 1-5
This infers that for every & € da™ {1} we
have

« limsup__;Re¢p(z) = 0.

e For all z € Athen Re¢(z) = 0.So we infer
Red(£(2)) > .

Now, for all £ € dA\ {1} we have

lim sup u(z) < limsup¢(z) = 0.
£ ==
In case z — 1 we have

1+z+o(l1—z*)

¢(z) — ¢(f(2)) = N

—z_l—z—o(ll—z|3]

_—(a+2)o(11—2") — (1 —2)o(l1 - zF)

(l—z}(l—z— o(ll—zlaj)

—2.0(]1 — z|%) =o(]1—z|).

T (1-2)(1-z-o(l1—-z)

From this we infer

u(z) = Re (¢(2) — ¢(f(2))) = o(I11 — zI)

when z — 1.

b. From the above formula, we infer that u is
a subharmonic function on A. By (a), we infer
that

limsupu(z) =0 forall £ € dA.

=3¢

By the maximum principle (Theorem 2.3),
we derive u <0 on A.

c. By (b), we have u =0 on A.

If w < 0 on A then by Lemma 3.1, for
all £ € dA we have

u(rf)
lim sup

r=1 —

<0. (%)

When £ = 1, by (a), we have

u(r)=eo(l1—rl)  whenr—1".
This infers that
u(r) o(l1—rl)
lim sup = lim sup—— =10

r=1 —r  rel” —-r

This is a contradiction to (*).
Sou =00nA.
d. By (c), we have

Re = — pe 112
1-z 1—fFlz)

on A,

This derives that the function

g(z) == - i:i is holomorphic on A that

has real part equal to zero. By the Cauchy-
Riemann condition (Theorem 2 in [6]), the
imaginary part of g(z) is constant. So we have
g(z) = ai. Here, a is complex number.

On the other hand, by (a), we have
g(z) =o(l1—z[)
This infers that liglg(zj =0orai=20. So

when z = 1.

wehavea = 0 ieg=00nA.
So for all z € A we have
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1+z 1+ f(2) 2 2 _
l—z_l—f[zjﬁl—z_l—f(z]ﬁf[zj_z'

Remark 3.3 In Theorem 3.2, if we suppose

Indeed, considering f(z) =z +A(1—z)?,
that

here A = 0 small enough. Then with |z] =1
flz=z+0(1—z*) whenz—=1 we have

then the conclusion in (d) is failed.
IfF(2)1P = (z+2(1-2)*)(z+ A1 —-=2)3)
=1—2ARe(z.(1—2z)) + (1 —2)}(1—=z)3

=1 + 2A[4Rez — 3 — Rez?®] + 84%(1 — Rez)?
Set z = cost + isint here 0 < t = 2m Then to prove that [f(z)I* < 1 we need the following

2A[4Rez —3 — Rez®] + 8A*(1 —Rez)* =0 Vl|z| =1.
This is equivalent to
4 cost —3 —cos2t + 4A(1 —cost)) =0 V0= t= 2m
& (1 -cost)2(-2 + 4A(1 —cost)) <= 0 VO0<t< 2m.

This is true if we choose 0 < A < i

So the function f: 4 — £ is holomorphic and satisfies f(z) = z + 0(|1 —z|*). But f is not an
identical function.

Theorem 3.4 Let u be a subharmonic function on 4 (0,1) such that

u(z) = —log|Imz| (lz] < 1)
Then prove that

u(z) < —log

. ‘ (12 < 1).

Proof: With @ < = < 1 we consider the function following

el 3

v(z) =ul(z) + log z , zEA(0,r).

Then by Theorem 2.2, v is a subharmonic function on 4 (0,r). Take £ 24(0,r). We consider
two cases as follows.

sIf £#2rand & = r(cost + isint) then we have

3 ¥

lim sup v(z) = lim (u(zj + log i
z=E ==

- 1 £z _ 2

< lim suplo

=& plog 2r|Imz|
Ir? — €| _

= lim sup lo =
= P gErlImfl
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If £ = r then we have

lim sup v(z) = lim sup (u(z) + log

rT —Z"
= —C0,

(This is because u is bounded on A(0,r). By applying the maximum principle (Theorem 2.3) to

function v on A(0,r) we infer

-

u(z) < —log

Let r — 1- we get

u(z) £ —log

4. Conclusion

In this note, we apply the maximum
principle of the subharmonic functions to prove
some results relate to the boundedness of the
holomorphic ~ function and  subharmonic
functions on the unit disc in the complex plane
(Lemma 3.1, Theorem 3.2 and Theorem 3.4).
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