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Abstract  

The nonlinear GRIN lens is an optical element proposed to enhance the optical trap efficiency and flexibility of the 

nonlinear optical tweezers. The optical quantity of the nonlinear GRIN lens has been evaluated by the paraxial 

approximation, so there is a suspicion of its optical quality, especially spherical aberrations..  In this paper, we have 

suggested that the induced index of the nonlinear medium described by the Maclaurin’s formula of the Gaussian 

function, then using this induced index to investigate the spheric aberration of the nonlinear GRIN lens. The expressions 

describing the spheric aberration are derived based on the comparison of the output radial distance of the ideal GRIN 

lens and its reality. The numerically calculated results are applied for  the high nonlinear organic dye layer.  The 

capability to correct the spheric aberration is discussed.  

Keywords: Nonlinear optics; optic devices; aspheric surface; optic aberration. 

Tóm tắt   

Thấu kính GRIN phi tuyến tính là một thành phần quang học được đề xuất để nâng cao hiệu quả bẫy quang học và tính 

linh hoạt của kìm quang học phi tuyến. Tính chất quang học của thấu kính GRIN phi tuyến đã được xem xét bằng phép 

tính gần đúng trục, do đó, cần xem xét đánh giá về chất lượng quang học của nó, đặc biệt là cầu sai. Trong bài báo này, 

chúng tôi đã đề xuất rằng chiết suất của môi trường phi tuyến được mô tả bởi công thức Maclaurin của hàm Gaussian, 

sau đó khảo sát sự cầu sai của thấu kính GRIN phi tuyến. Các biểu thức mô tả quang cầu sai được suy ra dựa trên sự so 

sánh giữa khoảng cách bán kính đầu ra của thấu kính GRIN lý tưởng và thấu kính thực tế của nó. Các kết quả tính toán 

bằng số được áp dụng cho lớp màng mỏng hữu cơ có tính phi tuyến cao. Khả năng sửa cầu sai được thảo luận. 

Từ khóa: Quang phi tuyến; thiết bị quang học; bề mặt phi cầu; quang sai. 

1. Introduction  

Under the irradiation of the laser Gaussian 

beam (LGB), a Kerr medium (KM) becomes 

the GRIN medium [1]]. Up to now, the organic 

dye thin layer (ODTL) owning high 

nonlinearity [2,3,4] has been proposed to use as 

a nonlinear GRIN lens (NGL) for the nonlinear 

optical tweezers [5, 6], nonlinear microscope 

[7,8], bistable device [9] and spatial modulator 

of the LGB [10]. However, because of the  
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paraxial approximation, there is a suspicion of 

the optical aberration, particularly spheric 

aberration (SA) of the NGL. Fortunately, the 

SA may be to correct by the aspheric surface 

[11-14]. In pervious Refs. [5,6,7], the NGL is 

suggested as an ideal GRIN lens, then used the 

paraxial approximation to determine its focal 

length, radius of curvature. It is well known 

that the ideal GRIN lens do not have the SA 

[15], but the NGL formatted in the KM could 

be the nonlinear aspheric lens (NAL), based on 

that the induced index of the KM includes high-

order compensate terms.  

In this paper, we pay attention to the high-

order compensate terms in the induced index of 

the KM irradiated by LGB. The expressions 

describing the SA of the NGL and NAL are 

derived. Next, the SA is numerically calculated 

for the case of Acide Blue thin layer. Last, the 

dependence of the SA on the design parameters 

are investigated and discussed.     

2. Proposed model for calculation and bases 

of theory 

The proposed model of the NGL and NAL 

with rays traversing through them is presented 

in Fig. 1. A LGB with the beam waist of radius, 

0W  and intensity in axis  of 0I . This beam 

propagates through the KM with physical 

thickness of physd , nonlinear coefficient of 

index, nln and linear index of 0n . The intensity 

transverse distribution of the LGB is described 

by the Gaussian function of the radial 

distance, 2 2= x y  . From now on, all of 

physical quantities mentioned above are called 

the design parameters. Under the irradiation of 

laser intense light, I the refractive index of the 

KM will be induced and given as the following 

formula [16]: 

     0 nln(I)= n +n I                                       (1)                                                                                            

Conventionally, the light intensity of the 

LGB in the mode TEM00 or in the region 

limited by Rayleigh range is given as Gaussian 

function: 

2

0 2

0

2ρ
I(ρ)= I exp -

W

 
 
 

                         (2) 
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Fig.1  Rays traverse through NGL (a) and NAL (b) 

Using the Maclaurin’s formula for the exponential function [17], and limiting to fifth-order term, 

we have:   

  6 8
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Substituting Eq. (3) into Eq. (1) we have 

induced index of the KM as following: 
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n(ρ)= n +n I - n I n I -
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                                                                          (4) 

where three first terms are the major facts 

creating the NGL(Fig. a) [5,6,7], and the rest 

terms 
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             (5) 

are the compensate playing the role of the 

aspheric coefficients [18, 19], which deviates 

the curvature surface of the NGL. With the 

compensate terms, the NGL will be the NAL 

(Fig.1b). The most important term of the optical 

aberration is the SA. Now, we derive the SA of 

the NGL and NAL. 

Firstly, as shown in Ref. [5,6,7], the NGL is 

proposed to format in the radial region 0W   

inside the KM.  So, we apply the paraxial 

approximation, i.e.,  1 2 /2 2

0 outI(ρ) I ρ W  , then 

the induced index of the KM is reduced to: 

2

0 01
2

2
2nl

sph nl 0 2

0

N2ρ
n (ρ)= n +n I - N ρ

W

 
  

        (6) 

where 0 0 nl 0N n +n I  is called the optical induced 

index in the OA, 
0

2
nl nl 0N n I

W
 , which 

describes the gradient-index of the KM, is 

called the induced reducing coefficient [20, 21]. 

With the condition / 2 nld N , the focal length 

of the NGL is given as following [7,22]:     

     

2

0

2 0

nl
phys

W
f
d n I

                                             (7) 

Considering a ray irradiating the KM at the 

radial distance in with input angle (or ray 

angle) inu , and then traverses through the NGL 

and the output medium with index, fn . The ray 

meets the focal plane at the radial 

distance out with output angle outu (Fig,1a). 

Using the ray-transfer matrix [23], the relation 

between the input and output radial distances 

and ray angles is the matrix equation given as 

following: 

1 01 /

1/ 10 1

out inf

out nl in

l n
=

u f u

       
                          (8) 

From (8) we have:    

 in nl f nl in

out

nl f f

f n l f u

f n n





                             (9) 

From Eq. (9), the output radial distance in 

the focal plane of the ray traversing 

through 0in  is: 

             
NGL nl in

f

f

f u

n
                                         (10) 

The transverse SA is defined as the 

difference between the output radial distances 

out and f . Using Eq.(9) and Eq.(10), the 

transverse SA of the NGL, ( )x

NGLW   will be: 

        

 0.5
( )

in nl f nl physx NGL

NGL out f

nl f

f n f d
W

f n


  

 
  

  

                                                                         (11) 

which depend on the ray input angle, in and 

design parameters. From Eq. (11), it is clear 

that if the index of output medium is of 1fn  , 

the transverse SA will be close to zero. It is in 

good agreement to Ref. [15] that the SA of the 

ideal NGL can be neglected, only the output 

medium is air ( 1fn  ). The SA of the NGL will 

be zero, only when 1fn   and nll f .  On the 

contrary, if the index of the output medium is 

bigger than that of air, the SA of the NGL is 

always different to zero. The SA is proportional 

to the input radial distance. Beyond the air, all of 

the traditional medium owns index bigger than 

index of the air, so the NGL always has its SA. 

 Secondly, we derive the relation between 

the input and output radial distances of the ray 

traversing the NAL (Fig.1b). To use the ray-
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transfer matrix to calculate the SA of the NAL, 

the KM with the physical thickness, physd  will be 

divided into a series of the thinner layers with 

physical thickness /physd d m  , where m is an 

integer chosen which is suitable to suggesting 

accuracy. As shown in Fig.1b, the relation 

between output and input radial distances is 

given as:       

    1
1 1

1

1 11 /

0 1
0 1 0 1

n f
n

n

d d
l n n n=

u u

  

    
    

   
    

       
   

                                              (12) 

and after some arrangements, we have: 
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                         (13)                                      

From Eq. (13), the output radial distance of 

the ray at
1 0   will be: 
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              (14) 

where    1 0n n  .                                      

From Eq.(13) and Eq.(14) we have the SA of 

the NAL,  x

NALW  as following:     
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                                               (15)               

There is an important point that the SA of 

NGL (see Eq, (11)) depends mainly on the 

index of the output medium, meanwhile, that of  

the NAL does not (see Eq. (14)).  The SA of the 

NAL depends on the design parameters. Using 

Eq. (11) and Eq. (15), the SA will be 

numerically calculated and discussed the 

difference between NGL and NAL. 

3. Results and discussion 

For numerically calculation, we use design 

parameters as: the thin layer of Acide Blue with 

physical thickness of  0.04 0.1physd cm  , 
6 21.10 /nln cm W and 0 1.45n  [4]; the LGB with 

1.06 m   ,  3 6 2

0 1.10 1.10 /I W cm  , and 

0 2W cm .  

 
Fig.2  SA of NGL for the case of 0.1physd cm , 

6 21.10 /nln cm W , 
6 2

0 1.10 /I W cm and different 

index of the output medium: 1.0fn  (magenta), 1.1fn   

(red), 1.2fn  (blue), 1.3fn  (black).  

 
Fig.3 SA of NAL for the case of  

of 2o

inu  0.1physd cm  , 
6 21.10 /nln cm W , 

6 2

0 1.10 /I W cm and different physical thickness:  

0.04physd cm (black), 0.06physd cm  (blue), 

0.08physd cm (red), 0.1physd cm (magenta). 
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Firstly, use Eq.(11) to observe the SA of the 

NGL. Because, the SA of the NGL mainly 

depends on the index of output medium, so we 

investigate the SA for the case of 0.1physd cm , 
6 21.10 /nln cm W , 6 2

0 1.10 /I W cm  and different 

index of the output medium. The obtained 

results are presented in Fig.2. From Fig.2 we 

see that if the output medium is air, the SA of 

the NGL is always different to zero and similar 

to that obtained for the electrically thin flat 

lenses [24]. For the edge ray of the laser beam 

waist ( 0 2W cm ), the (2 ) 50x

NGLW cm  , which is 

too high for the desired aspheric lens (SA <λ/2 

[25, 26]). The SA of the NGL increases 

powerfully and is proportional to the index of 

the output medium. Particularly, if index of the 

output is of  1.3fn  , the SA of the edge ray 

increases to (2 ) 4300x

NGLW cm  , which is not 

never accepted to use in the optical system. 

Thus, we can say that the NGL should not be 

used as the ideal NGL, then as the NAL only. 

This comment will be confirmed in the next 

investigation. 

The SA of the NAL is calculated for the case 

of 2o

inu  , 0.1physd cm  , 6 21.10 /nln cm W , 
6 2

0 1.10 /I W cm and different physical thickness 

0.04physd cm , 0.06physd cm , 0.08physd cm ,

0.1physd cm presented in Fig.3.  All results in 

Fig.3 show that the SA increases with the 

increasing of the physical thickness of the KM. 

This phenomena can be easily explained by the 

shorting of the nonlinear focal length relating to 

the increasing of physical thickness. The 

maximum value of the SA is about wavelength 

for the edge ray. This value may be accepted 

for the traditional optical system, but it is still 

high. Continuously, keeping 0.04physd cm  and 

tun the laser intensity decreasing, the SA 

changes as shown in Fig.4. From Fig.4, it is 

clear that the SA decreases proportionally to the 

laser intensity. Its decreasing rule is explained 

when we deceases the physical thickness or the 

nonlinear coefficient of index.       

 

Fig.4 SA of NAL for the case of  of 2o

inu  , 

0.04physd cm  , 
6 21.10 /nln cm W , and different laser 

intensity:  
6 2

0 1.10 /I W cm (black),
6 2

0 0.8.10 /I W cm  

(blue), 
6 2

0 0.6.10 /I W cm (red), 

and
6 2

0 0.4.10 /I W cm (magenta).  

 

 

Fig.5 SA of NAL for the case of 0.04physd cm  , 

6 21.10 /nln cm W , 
6 2

0 1.10 /I W cm and different ray-

angle:  1o

inu  (black), 2o

inu  (blue), 4o

inu  (red), 

and 8o

inu  (magenta).  
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The main obtained results are that the SA are 

always less than the desired one, which could 

reach in the objective lens consisting of 6 lens 

with three aspheric surfaces [27], and telescope 

calculated with two aspheric coefficients [14].  

For application in reality, we have checked the 

SA when the ray angle (incident angle) 

increases. The obtained results are in Fig.5.  

The Fig.5 shows us that, the SA will increase 

proportionally to the ray angle. However, for 

the case 

of 0.04physd cm , 6 21.10 /nln cm W ,
6 2

0 1.10 /I W cm , the maximum value of the SA 

of edge ray is (2 ) 1x

NGLW cm  , only when 

incident angle increases to 8o

inu  . In fact, the 

incident is always kept less than 2o

inu  , so, if 

the collection of the design parameters is 

chosen as 

following 0.04physd cm , 6 21.10 /nln cm W ,
6 2

0 1.10 /I W cm , the SA will be neglected. The 

dependence of the collection of the design 

parameters gives us an opportunity to correct 

the SA of the NAL.        

 In summary, a nonlinear medium irradiated 

by the laser Gaussian beam does not seem to be 

the ideal NGL, but the NAL. The results 

obtained by using the ray-transfer matrix show 

clearly the SA could be corrected to the very 

low, less than the desired for the traditional 

optical system. The importance is the physical 

thickness of the KM and laser intensity can be 

reduced, then it increases the capability of the 

application. Moreover, the questions about the 

optical quality of the nonlinear optical tweezers 

will be cancelled. 

4. Conclusion 

We have used the ray-transfer matrix to 

introduce the SA of the NGL and NAL 

formatting inside the KM irradiated by the 

LGB.  The obtained results confirm that the 

ideal NGL with high SA never exists, with the 

NAL correction able low, even negligible. The 

available high nonlinear organic dye and weak 

power laser gives us an opportunity to use the 

NAL for the nonlinear optical tweezers and 

complex optical system. The NAL seems to be 

SA-flexible aspheric lens which could replace 

the traditional solid aspheric lens in the multi-

lens optical system. There is a suggestion for 

experimental investigation to design optical 

system without spheric aberration particularly, 

and optical aberration generally in the future. 
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