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Tém tit

Chiing t6i giai phong diéu kién bi chin clia nghiém cho phuong trinh Hénon cip bon A%u = |x|*u” trong R" v6i a > 0,
p>1,n2>5trong bt dazmg thiic di€ém cda Fazly, Wei, va Xu [Anal. PDE 8 (2015) 1541-1563].

Tir khéa: Phuong trinh song diéu hoa; Udc lugng diém.

Abstract

We relax the boundedness assumption of solutions of the fourth-order Hénon equation A%y = |x|%u? in R" with a > 0,
p > 1,n > 5 in the pointwise inequality obtained by Fazly, Wei, and Xu in [Anal. PDE 8 (2015) 1541-1563].

Keywords: Biharmonic equation; Pointwise estimate.

1. Phét biéu bai toan

Vao nam 2015, Fazly, Wei, va Xu [3] da dua ra mét
bét dang thiic diém cho nghiém duong bi chin ctia phuong
trinh Hénon cip bén

A%u = |x|u? (1)

trong R" v6ia > 0, p > 1, van > 5. Cu thé hon, véi u 1a
nghiém duong bi chiin bét ki ctia (1) trong R”, ta ludn c6

, 2 p+ 2 |Vu?
—Au > S S _2 v 2)
p+l-c, n—-4 u

véi ¢, = 8/(n(n —4)).

Xét truong hop khi a = 0, phuong trinh (1) c6 thé viét
duéi dang hé

—Au=v, 3)
—-Av = u?,
trong R”. HE (3) 1a mot trudng hgp dac biét ctia hé Lane-
Emden
-Au="", @
—-Av = u?

trong R" v6i p > r > 0. Gia thuyét Lane-Emden phat biéu
rang hé (4) khong c6 nghiém duong néu
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Dé chitng minh gia thuyét nay, bit dang thic diém cho hé
(3) da dudc Souplet thiét 1ap trong [5, B dé 2.7] nhu sau

up+1 Vr+l

~X

(6)

p+1 +1°

<

Bit ding thiic nay dudc md rong cho hé Hénon-Lane-
Emden system trong [4] va dudc xem 12 mot cAu nbi quan
trong dé ching minh céc két qua vé dinh 1i kiéu Liouville
cho nghiém bi chan [7, 6, 2, 1].

Trong bai bao niy, ching t6i gi4i phéng diéu kién bi
chin ctia nghiém trong [3, Dinh 1i 1.3]. Dinh 1i sau 13 két
qua cai tién clia ching toi.

Theorem 1. Vdi u la nghiém duong ciia (1) vdin > 5. Gid
stk

p> %(6+ Vn? — 4n + 36). @)
n_

Khi dé ta co bdt ddng thiic diém

2 prl 2 |Vuf?
—A > T x92,5 PR 8
! \/(p+l)—cn|x| WPt Td . ®

trong R", 6 do ¢, = 8/(n(n —4)) va 0 < a < infy>o Ay vdi
hdng sé Ay duoc dinh nghia nhu trong [3, Eq. (4-28)].

Chitng minh Pinh 1i 1 bao gém hai buéc. Budc thit
nhit 12 thiét 1ap bat dang thitc ham phi hop cho ham bd
trg, bu6e thit hai 1a sit dung nguyén 1y cuc dai d€ chi ra
rang ham bd trg khong ddi diu. Theo phuong phap thong
thuong, nguyén ly cuc dai chi st dung dugc khi nghiém
c6 do giam du 16n tai v cung. Trong bai bdo nay, phuong
phép cta chiing t6i dé xuét khong can st dung dén do giam
cta nghiém tai v cung.

2. Chang minh Pinh li 1

Chitng minh cta ching t6i hoan toan dya theo cac
budc nhu & [3]. Tuy nhién, vi ching minh trong [3] kha
dai, chiing t6i chi dua ra nhiing khac biét din dén viéc giai
phong diéu kién bi chin ctia nghiém. Trong [3] gi thiét bi
chin ctia nghiém dudc st dung trong chiing minh B§ dé
2.8 va trong BS dé 4.2. Khi ¢6 B& dé 2.8, cic tac gia trong
[3] c6 thé kiém sodt dudc chudn L? clia Au. Day 1a yéu td
then chét dé st dung 1i luan feedback trong chiing minh BS
dé 4.2. C6 thé thiy ring, budc chinh ma céc tic gid trong
[3] st dung gia thiét bi chin clia nghiém 12 BS dé 4.2. Bé
giai phong diéu kién nay, ching t6i sé chiing minh lai BS
dé 4.2 trong [3] ma khong cin duing dén gidi thiét bi chin
ctia nghiém.

Chiing t6i phat biéu lai B dé 4.2 trong [3] nhu sau:

Lemma 2.1. Gid sit u la nghiém duong ciia (1). Dt

w = Au+ a(u+ &) Vul + BlIx2uPI2 (9)

Vvdi €, a, B la cdc hang sé duong. Gid sit rdng w théa man
badt dang thitc

Aw >2a(u + €)' Vu - Vw — aw(u + &) |Vul*

1
+ Eﬁ(p + D2 uP=DI2y,, (10)

Gid sit thém rang p + 1 > 2a, khi do

w<0
trong R".
Chitng minh. Datw = (u+£)~*w, bang cic tinh ton tuong
tu nhu trong ching minh [3, B3 dé 4.1, trang 1555], ta c6
AW = aw?(u+ €)' + (u+ &) 'w(-2a)Au

+1 +1
(p )8+u(p

+ B + &)~ x| PuP= D2y
Blu+ &) (5 5

+ a)).
(11)

Chiing ta sé chiing minh w < 0 bang phan ching. Gia st
ngudc lai rang

M = supw(x) > 0,

Rn

v6i 0 < M < oo. Ta chi c6 hai trudng hgp sau:
Truong hop 1. Néu x 1a diém cuc dai cia w trong R”,
tic 12 W(xg) = sup, ps w(x) véi Aw(xp) < 0. Nhic lai
rang —Au ludn luén lay gia tri khong am. Khi d6 bat dang
thic (11) tai x = xq sé din dén diéu mau thuin.

Truong hgp 2. Supremum ctia w dat dudc tai vo cing. Ly
¥ 1a ham cuff-off tron trong R*, 0 < ¢ < 1, = 1 in By p»
vay = 0khi [x] > 1. Bit ¢ = ¢ v6i m > 2. Khi d6 ta co,

|Ag| <Cp'~?m,
¢ |V <Cp'72m, (12

V6i mbi R > 1 ta dit
r(x) = @(x/R),

Chi y ring wg bing 0 néu |x| > R, do dé tdn tai xz € By
sao cho

WR = @RW.

MR = rrﬁ%ax WR = WR()CR).

Tir cach chon ¢, ta c6 M — M khi R — oo, do d6 ta c6
thé gia st ring Mz > 0 véi moi R > 1. Hon nita, vi supre-
mum ctia w chi dat tai vd cting, ta suy ra rang |xg| — oo khi
R — oo. Tiép theo, tif tinh chét cuc tri dia phuong ta c6

Vi = — L Vg,
PR
0 >Awpg at x = xg.

Do d6, tai x = xg, ta co
0 >Aprw +2Vpr - Vw + Apr w
=pr AW — 203" [Vor*W + Apgiv.
Két hop véi (12) suy ra

CR20y "W = o AW (13)
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tai x = xg. Bay gi¢ ta st dung (11) va chi y rang —Au > 0.
Tai x = xg, tacd

CR2 12/m QORCYW(M'FS)GI

p+1

+ OrBu+ &)™ gl uP=D 2y,

Vi |xg| — oo, ta c6 thé gia st |xz|*?> > 1, va do d6 tai
X = xptaco
CR™ 2901 Hmz >appw?(u + €)™
+ Cror(u + &) 1y P2y,
Tic 1a tai x = xg, ta co

CR_Z‘P,IQ 2m s aorw(u + &) + Crog(u + &) uP*h/?

= aMg(u + &) + Crog(u + &)~ P12,
(14)

Bay gis ta xét hai trudng hgp cla a:

Truong hop 2.1. Néua > 1, khl dé (u+e)* ! > ! Udc
lugng (14) tai x = xg cho thiy ring

CR_29011{2/m 2 (IMRSH/_I
Diéu nay 1a vo 1y khi R di 16n.

Truong hop 2.2. Néu a < 1, khi d6 ta giit lai s6 hang dau
tién trong vé phéi ctia (14), bt dang thiic
CR 2@y " (xg) = aMg(u(xg) + £)""

din dén u(xg) — oo khi R — oo. Chon m sao cho
1 -2/m=2/(p+ 1), udc luong (14) tai x = xz din dén

(p+1)/2

u u
CR_zthze/(pH)u > aMp(u + &)* + Cir u
u+e u+e

C
> %MR(L{ +&)" + 7190Ru(p+1)/2 (15)

véi R di 16n. O day, ching ta da sit dung u(xg) — oo
khi R — oo d€ uéc luong u/(u + &) tit phia dudi. Ki hiéu
=(p+1)/2 > 1,tasuyrati (15) ring
2 G ,
CR ¢y (xp)u(xg) = 7¢R(xR)u (xr),
tuc la,
2C

C1 (901/' (xp)u(xg))”

biéu nay kéo theo w}e/r(xR)u(xR) — 0khi R — oo. Ta gip
mau thun trong (15) khi R — oo, bdi vi

%MR(u(xR) +8)" > oo

khi R — 0. BS dé dudc chitng minh. O

Chiing minh Pinh Ii 1. DE chiing minh Pinh i 1, chiing ta
stt dung phuong phdap lip kiéu Moser nhu trong [3, Muc
4]. That vay, dAu tién ta dit

Wi = Au+ a(u + &) \Vul? + Belx“uPtV2 . (16)

véi k > -1. O dﬁy (ak)k2_1 va (ﬂk)k}—l la hai dfiy 56 khéng
am sé dugc xac dinh sau. Nhu dugce ching minh trong [3,
Ménh dé 3.1], ta thiy ring

AWir1 = = 201 (u + &) Vi - Vg

2192
+ QWi (1 + &) 77|V

1
- 3B+ DI 2u®P= Dy

1 2 4 _
I( ) W B |x|“u? + 0k+11((1k)|VM| u+e7

+ 1(4) |a—2u(p+1)/2
a,&,a,Pr

+ I( ) i |x|a (p+1)/2

[x

aﬁk+1((p +1D)/2 —agu/(u+¢g) x

u 219 IXI2 '
&,ak.Pk
(1) 2) ;3 (4) .
3 d6 cac hé ) Im B Iy, I B Ia b dudc tinh nhu

trong [3, Ménh dé 3.1]. V6i k = —1, ta chon

a1=81=0

Khi d6 w_; < 0 theo [3, Ménh dé 2.3]. Tiép theo, ta chon
a; v6i k > 0'sao cho I = 0; xem [3, Eq. (4-24)]. St dung
(ax)i=ota co thé chon (Bir=0 sao cho 1((); 5> 0; xem [3,
Eq. (4-25)]. Do d6, v6i mdi k > 0, ta c6 thé lua chon g di
nhd sao cho

1Y >o.

enafr =

Tur day, ta 4p dung [3, Ménh dé 3.1] d€ ¢6

Awg >2a0(u + 8)_] Vu - Vwy — agwo(u + <‘:)_2|Vu|2
1 17
+ 3B+ DI

Tiép theo ta 4p dung B3 dé 2.1 d€ c6 wy < 0. Lip lai qud
trinh trén, ta suy ra
Wi < 0

véi moi k > —1, diéu nay dan dén

—Au > a(u+ &)~ [Vul® + BilxuPOP2,

v6i moi k > —1. LAy gidi han dau tién véi k — oo rdi sau
d6 &\, 0 ta c6 bit déng thiic cin chiing minh. O
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