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Abstract

In this paper, we study laws of large number for random weighted sums of random variables with regularly varying
tailed and application. Firstly, we use the theory of slowly varying functions to establish the law of large. Then, we
apply this result to estimate non parametric regression models by the k-nearest neighbors.
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Tom tit
Trong bai bao nay, ching toi nghién ctu luat sb 1on dbi vai tdng co trong sé ngau nhién cac bién ngiu nhién cé xac suét

dudi bién ddi déu va ing dung. DAu tién, ching tdi st dung ly thuyét ham bién d6i cham thiét 1ap luat s6. Sau do chung t6i
&p dung két qua thu duoc vao wdc lwong md hinh hdi quy phi tham sb bang phuong phap ude lugng k-lang giéng gan nhat.

Tur khda: Luat s6 16n; tong c6 trong s ngau nhién; x4c suat dudi bién doi déu; k-lang giéng gan nhat.

1. Introduction Recently, Xuan et al. (T. D. Xuan, 2021)

Let {X¥ ;n = 1} be a sequence of random investigate laws of large numbers for this

nt - . - - - -
variables defined on a fixed probability space ~ Weighted sum of pairwise independent with
(F,F), {a,;;1< j <n,n= 1}beanarray heavy tails and study convergence in
of real numbers, many authors studied the weak probability for the estimator of nonparametric

laws of larger numbers for weighted sum type regression  model  based on pairwise
n independent errors with heavy tails.
Su = Z ﬂ'm"]{i'
i=1
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In this paper, we study weak laws of
larger numbers for random weighted sum
S, =X w,.X,, where
{w,; 1<i<mn, n=1} be atriangle array of
random variables, {X,; n = 1} be a sequence
of pairwise asymptotically independent and
identically distributed random variables. This
result is applied to the nonparametric regression

models with random design.
2. Preliminaries

Let {a,;n=1} and {b,;n=1} be
sequences of positive real numbers. We use
notation a, =b, instead of
0 < liminfa,/b, = limsupa,/b, < o,

a, =o(b,) means that lima, /b, =0;

notation a, ~ b, is used for “lim a,/b, = 1.
These notations are also used for positive real
functions f(x) and g(x). The indicator
function of 4 is denoted by I(4). Throughout
this paper, the symbol ¢ will denote a generic
constant (0 < C < co) which is not necessarily
the same one in each appearance.

Definition 2.1. (Y. Yang, 2017) A
distribution F on R is said to be regularly

pr} 1
(x)q:

= P(w,; X; = x) _EJ

lim sup
ni‘ti

where 5, = E;‘:1w X

ni‘tit

75

varying tailed, denoted by F e®, for some

} = v
F} /

where F(x) = 1 — F(x).
Definition 2.2. (Y. Yang, 2017) A sequence
of random variables {X,;n = 1} is said to be

pairwise asymptotically independent (PAI) if
P(X, > x, X; > x)

P(X, = x)

a =0, if hmsup % for any y = 1,

a—roa

lim =0,k=1i,j

i)

holds for each i + j.

For a distribution F on R, denote its upper
Matuszewska index by

F(xv)

F(y)

Additionally, denote L = hn} inf F.(y).
hrais

F(y)= hm

fory=1.

Lemma 2.3. Leta =0, {X,; n= 1} be a
sequence  of  pairwise  asymptotically
independent and identically distributed random
variables with distribution Fe%_ and
L,=0. Let {w,; 1<i<n, n=1} be a
triangle array of random variables. Then,

i'!"

Proof. We firstly consider the upper bound. Forany0<v<1landx =0,

n
P(ST>x)<P Lﬁwwﬁ}[l—vﬁ}
vt

n
+B Ziwmxj}x
i=1

n

n
ﬂ{W”}X}+ =

j=1

(1—v)x}

Z P(w,X; = (1—v)x)

i=1

T
+P Ezwmxj}x——
i=1

=K, +K,.

+
V w,; X7 =

l=j=n

(1 —v)x
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Let g(-) be a positive function such that
g(x) 1 0,xg(x) T oo and IF“[W

n

)

i=1

i = xg[x]) = ﬂ[ﬁ(xj), 1 < i < n. We have that

F Wi z:} (1_ ij ﬂ {W?z_;l = xg(x]}

+i Pl w, :?ﬁ(l—vaU {w; > x9(x)}

xg () xg (%) o 1—
EJ- J. Z F;(( ) )dF[Wnl{: tl’ " :'z:'z 5"::]
o o b

i=1 '

n

-I—r?,z P(w,; = xg(x))

i=1

[

Z ( )dIF*[WM <ty

W =)

nn — m

+o(F(x) = (E((1-v)™) Z P(w,X; > ).

As for K,, we have that

. <

njtj
i=Lizj

Hence
111>[5+ = x) .
Pw, X, > ) :::Ixm[F((l— v)~ ])

We complete the proof.

Definition 2.4. (K. Joag-Dev, 1983) A
collection {X,,....X,} of random variables is
said to be negatively associated (NA) if for any
disjoint subsets A4, B of {1, ...,n} and any real
coordinatewise nondecreasing functions f on
R4 and g on B8,

cov(f(X,. k€ A),g(X, k€ B)) <0,

Z w, X = vx,w, X >—

n mn

3 S el
= w
n W o —1

J=1 i=Lizj

x
WX = n}

= o(ljz P(w, X, = x).

whenever the covariance exists, where |A]
denotes the cardinality of A. A sequence
{X,.n =1} of random variables is said to be
negatively associated if every finite subfamily
is negatively associated.

3. Results

In the first theorem, we establish the
Marcinkiewicz laws of large numbers type for
weighted sum of pairwise independent and
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identically distributed random variables with
heavy tails.

Theorem 3.1. Let @ = 0, {X,; n =1} bea

sequence  of  pairwise  asymptotically
n

Y E(Iw,l) = o(1)

i=1
Then,

n

2]

ZW?“-XE- —0asn — 00,

i=1

Proof. We can write

independent and identically distributed random
variables with distribution F € % and L = 0.
Let {w,; 1<=i<n, n=1} be a triangle
array of random variables such that

i“’ X; Z[Wrz: ;= E(wyX J)+Z(wm T — E(wLX7))

- {w?-:l‘.Xi_ - E{“?-:EXE }} [WTLX - E( i’lX jj
> >

Thus, without loss of general, we may assume that w

foralln = 1. Puts, = X", w, . X..

=pasforalli1<i<nand X, = 0as.

ni —

Let € = 0 be arbitrary, applying Lemma 3.3 we get

mn

P(5,>¢e) < L‘lz P(w, X > €)
— Z f
< L;}Z f mr;f?(ejdp(wm <)

- L;}F(E)Z f tedP(w,. < t)
i=1 "¢

= L}lﬁ(ejz E(w®) »0asn — o0,

We complete the proof.

dP[w < t)

Now, consider the following nonparametric regression model:
:'!E f[:X?!E] + E?!E’ 1 :: I {: H—, (1)

where X,

. are known random design points from a compact set A C &,

f(x) is an unknown

regression function defined on A, ¢,, are random errors. As an estimator of f(x), the following

weighted regression estimator will be considered

fulx) =

?!E [:x] ni’ (2)
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where W, (x) = W(x, x,q, -

Assume that X, ,..., X, are independent and identically distributed continuous random variables
on the interval [0,1], (X,;1<i < mn)and {s,;;1 < i < n} are independent. For any x € (0,1), let
R_. be the rank of | X

) are random weighted functions.

i'! mn

—x| for i =1,2,...,n. Then, it follows by Joag-Dev and Proschan [2] that
{R,,, R, -, R} is NA. Let 0 < h,_ < mn, we define the nearest neighbor weight functions
W (xh1=i<n}byw.,(x)=h'I(R,, < h). Then{W,(x),.. W, (x)}isalso NA. Onthe
other hand, because

nit
ni ni

1
=r)=— forr =12, ..,n

F(R?zi n
Then,
n n l l
ZE“ ml ) = Zh_RF(Rm = hnj = ha—1
=1 =1 "

Theorem 3.2. In the model (2), assume that {s;; 1 < i < n} is a sequence of PAIl and identically
distributed errors with zero mean and regularly varying tailed for some @ = 1. Let0<h, <n
and 1/h*™* = o(1). If f isa Lipschitz function on [0;1], then

£ (x) Lf(x] asn — oo,
Proof. For any x € [0; 1], it is obvious that

fz[x]_f[x]= ;z :lu [x]Eu_;l [E[ﬁz[x]]_f[x]]
Applying Theorem 3.1, we have that

Z W . (x)e,, 5 0asn - oo.

Thus, in order to complete the proof, we need to show that
:lzz (xjf(X:zz] f(le —0asn — oo,

For any a = 0, we have

1D Wa ()F (%) = £0)

mn

gz W CONF(X ) — FE(1X s — X] < @)

i=1

) W @INF R = FEIR = x1 > @)

:-z: (Ij -1 |f[xj|

< e+ ) Wy I Fe) = FEU(T, —x1 > ).
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On the other hand, it follows by Lemma 6.1 in (L. Gyorfi, 2002) that for any x € (0,1),

| Xz, —x|—0as asn— oo, then
R iy

Z“’Vm | |f(X:'zz') _f[xj“(l‘]{ni _xl = ﬂ':]}

EE‘X”R —x| —»0asn — 0w
".'I.i'!n_
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